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Exercice 1

A.

Determine whether these statements are true or false.
a) ¥ e {0} b) U € {0, {¥}}

c) {¥} € {V} d) {¥} € {{9}}

e) {¥} C {9, {4}} t) {{9}} C {9, {9}}

g) {{¥}} C ({9}, {9}}

Determine whether each of these statements is true or
false.

a) x € {x} b) {x} < {x} ¢) {x} e {x}
d) {x}ellxj} e ¥C<ix) f) 9 e {x}



Solution Exercise 1-A
(a) Given: 0  {@}

{0} represent the set containing only the empty set and thus the empty set
is an element of {1}, which means that the given statement is true.

(b) Given: B < {0,{0}}

The given statement means that the empty set is an element of the set
containing the element ) and the subset {(1}.

We then note that @) is an element of the set {0, {0} }, which means that the
given statement is true.
(c) Given: {0} = {0}

The given statement means that the set {01} is an element of the set containing
the empty set.

The set containing the empty set does not contain any sets which contain
elements. The set containing the empty set is a set which contains elements,
thus the given statement is false.



(d) Given: {0} e {{0}}

The given statement means that the set {(1} is an element of the set containing

the set {0}

Since {0} is the only set contained in the set {{0}}, the given statement is
true.

(e) Given: {0} < {0,{0}}

The given statement means that the set {01} is a subset of the set containing
element () and set {0}.

The set {0} contains only the element {). Since ) is also an element in
{0, {0}}, the given statement is true.



(f) Given: {{0}} c {0,{0}}

The given statement means that the set {{1}} is a subset of the set containing
elements ) and {0}

The set {{0}} contains only the element {@1}. Since {01} is also an element
in {@,{0}}, the given statement is true.

(g) Given: {{0}} C {{0},{0}}

The given statement meansthat the set {{0}} is a subset of the set containing
the element {0},

The set {{0}} contains only the element {#1} and since {{@},{0}} contains
only the element {1} as well, the two sets are the same set. The given
statement is then false as {{0}} = {{0}, {0}}.

Note: the statement {{0}} € {{0},{0}} would be true (as the sets are
equal).



Solution Exercise 1-B

(a) Given: x € {x}
The given statement means that = is an element of the set {x}.

The set {z} contains only the element x and thus the given statement is
true.

(b} Given: {x} C {z}

The given statement means that the set {x} is an inclusive subset of {z}.

Every subset 15 an inclusive subset of itself, which means that the given
statement is true.



(c) Given: {x} e {x}
The given statement means that the set {x} is an element of the set {=}.

The set {z} does not contain any sets as elements, thus the given statement

s false.
(d} Given: {z} e {{z}}
The given statement means that {z} is an element of the set {{x}}.

The set {{z}} contains only the element {x} and thus the given statement
s true.

(e) Given: § C {z}

The given statement means that the set @) is an inclusive subset of the set

{r}.

The empty set is a subset of every set and thus the given statement is true.



(f) Given: 0 € {z}
The given statement means that the set {} is an element of the set {x}.

The set {z} contains only the element z and thus does not contain the
element (). This then means that the given statement is false.

Exercice 2

a)
Suppose that A, B, and C are sets such that A € B and
B C C. Show that A C C.

b)
Prove that P(A) € P(B)ifand only if A C B.

c)

Showthatif AC Cand B <€ D,then A x BC C x D



Solution Exercise 2

To proof: P(A) CP(L)ifand only it AC B
PROOF

(2} = (1)

Let us assume P{A) C P(B).

Let = be an element of A.

re A

If r is an element in a set 5, then the set containing only that element = is
A set in the power set of S.

{z} e P(4)
Since P(A) C P(B}:

{r} e P(B)



If the set containing only that element x is a set in the power set of 5, then
the element = has to be an element of the set 5.
re B

We thus have derived that every element = in A also has to be in B. By the
definition of a subset, we then know that A is a subset of 5.

ACB
(72) = (1)

Let us assume A C B,

If P{A) contains only the empty set ), then the proof is trivial as any power
set contains the emptyset (0.

If P{A) does not contain only the empty set ), then there exists a set of the
form {x} in P(A).

Let {x} be an element of P .A).

{x}eP(A)

If the set containing only an element x is a set in the power set of 5, then
the element > has to be an element of the set 5.

re A



Since 4 C B:

re B

If 15 an element in a set 5, then the set containing only that element x is
a set in the power set of 5.

{z} € P(B)

We thus have derived that every element x in P({A) also has to be in P{B).
By the definition of a subset, we then know that P({A4) s a subset of P(B).

PlA) S P(B)

(3 1ven:

To proof: A=< B C O = D
PROOF

Let {(a,b) be an element of A4 = B.

(a,b)e A= B



By the definition of the Cartesian product:

ae A

he B
If X is a subset of ¥, then every element of X is also an element of Y. By
the given statements A C C' and B C D), we then obtain:

ae

he D
By the definition of the Cartesian product:

(a.b)eC =D

We thus have derived that every element (a,b) in A x B also has to be In
' = D. By the definition of a subset, we then know that 4 = B is a subset
of O = D,

AxBCC =« [



Exercice 3

A.

What is the cardinality of each of these sets?

a) {a) b) {{a}}
c) {a,{a}} d) {a,{a}, {a, {a}}}

How many elements does each of these sets have where
a and b are distinct elements?

a) P({a, b, {a, b}})

b) P9, a, {a}, {{a}}})
c) P(P¥)

Let A ={a,b,c,d}and B = {y, z}. Find
a) A x B. b) B x A.



Solution Exercise 3-A

a.) The set contains just 1 element so cardinality = 1
b.) The set contains just 1 element so cardinality = 1
c.) The set contains 2 elements, so cardinality = 2
d.) The set contains 3 elements, so cardinality = 3

Solution Exercise 3-B

Solution Exercise 3-C

PART A: {(a,y).(a,z).(b,y).(b,2), (c,y). (e, 2), (d,y), (d, =)}
PART B: {(y, a), (y.b), (v, c). (y.d), (=, a), (2, b), (2, ¢}, (z,d) }



Exercice 4

A Let A ={1,2,3,4,5) and B = {0, 3, 6}. Find
a) AU B. b) AN B.
¢) A— B. d B — A.
B.
Show that
a) A— 0 =A. b) §—A=0.

Solution Exercise 4-A

PART A: {0,1,2,3,4,5,6}
PART B: {3}

PART C: {1,245}
PART D: {0,6}



Solution Exercise 4-B

la) Given: [V is the universal set
To proof: A—@=A4

PROOF

A-O={zlzrc A-0}

Using the definition of the difference, an element of A — is an element that
is in A but not in 0.

={zrlre Arzgl}

The empty set does not contain any elements, thus the statement = ¢ 1 is
always true.

= {rjlre ArT}

Use the identity law for propositions:
= {z|r € A}

=4
We have then shown A — 0 = A.



(b} Given: [V is the universal set
To proof: §— A=10

PROOF

h—A={zlrechd-— A}

Using the definition of the difference, an element of ) — 4 is an element that
is in @ but not in A.

={rjlredrxr ¢ A}

The emptyset does not contain any elements, thus the statement = 0 is
always false:

={z|Faz& A}
Use the domination law for propositions:
= {=|F}

The emptyset does not contain any elements, thus the statement = € @ is
always false:
= {x|r € 0}
=)
We have then shown @ — A = (.



Exercice 5

A.
Prove the complementation law in Table 1 by showing
that A = A.

B.
Prove the identity laws in Table 1 by showing that
a) AU =A. b) ANU = A.

C.
Prove the domination laws in Table 1 by showing that
a) AUU =VU. b) ANY=40.

D.

Prove the complement laws in Table 1 by showing that
a) AUA =U. b) ANA=0.



Solution Exercise 5-A
Given: [7 18 the universal set

To proof: A= A

PROOF

Using the definition of the complement, an element of A is an element that
15 not in A

A= {afx ¢ A

= {z|-(z € A)}
Using the definition of the complement, an element of A is an element that
15 not in A

= {z|-(x ¢ A)}

= {z[=(~(z € A))}
Using the double negation law:
= {z|r € A}
=4

We have then shown A = A.



Solution Exercise 5-B

a) AUp=A4

a) LHS =Aug={r:2c AUg}
={zr:rcAdorzec g}
={z:xec A}
=4
= R.H.5

b) ANU = A

b) LHS = AUU
={r:xe AnU}
={rec dand xr = '}
={r:xc A}
= A
= R.H.S



Solution Exercise 5-C

{a) Given: U7 is the universal set
To proot: AU =07

PROOF

AU ={z|lxr e AL}
Using the definition of the union, an element of 4 UL is an element that is
m A orin 7.
={zrlreAvrelU}
Every element is contained in the universal set U7, thus the statement = = [V
15 always true.
={rlre Av T}

Use the domination law for propositions:
= {=|T}

We derived that x € IV was a true statement. thus we can replace T again
by = e U7
{z|lze U}

= [
We have then shown A UL = [T,



(b} Given: U7 is the universal set
To proof: An@ =0

PROOF

Anb={z|lz e AN}

Using the definition of the intersection, an element of A M) is an element
that is in A and in T

={rlre Anzec i}

The empty set does not contain any elements and thus it is not possible that
x is an element of .

= {zrlr e ANF}

Use the domination law for propositions:
= {z[F}

We derived that x £ ) was a false statement, thus we can replace F again
by = < :
= {z|r € 0}

=
We have then shown AN = .



Solution Exercise 5-D
{a) Given: U7 is the universal set
To proof: AU A=U

PROOF

AUA={xrlre AA}

Using the definition of the union, an element of A U A is an element that is
in A orin A

=lzxlre Avaec A}
An element is in A when the element is not in A:

={rlredAvazrg A}

={zxlre Av -z € A)}
Use the negation law for propositions:
= {«|T}
Every element is in the universal set, thus = U7 is a true statement:
={r|lze U}
= U7

We have then shown A 1A = 7.



(b) Given: U7 is the universal set
To proof: AnA=10

PROOF

AnNA={zlzc AN A}

Using the definition of the intersection, an element of 4 M A is an element
that is in A and in A.

={zlrc Arzec A}
An element is in 4 when the element is not in A:

={zlre Arnzxg A}

= {zlr e Ar —(z c 4)}
Use the negation law for propositions:
= {z|F}
The empty set does not contain any elements, thus = £ ) is a false statement.
= {x|lr 0}
=0

We have then shown 4 NA = 0.



